We show analytically that the semiclassical Bekenstein-Hawking area law for noncommutative Schwarzschild black hole in the regime r 2 h 4θ >> 1 is a standard noncommutative deformation of the usual law, upto the leading order in the noncommutative parameter θ. A graphical analysis shows that for the horizon radius r h 4.8 √ θ, this area law exactly holds for all orders of θ. Finally, we also give the corrections to the area law to get the exact nature of the BekensteinHawking entropy when r h < 4.8 √ θ.
Classical general relativity gives the concept of black hole from which nothing can escape. This picture was changed dramatically when Hawking [1, 2] incorporated the quantum nature into this classical problem. In fact he showed that black holes radiate a spectrum of particles which is quite analogous with a thermal black body radiation.
Before this, Bekenstein [3, 4, 5, 6] proposed that a black hole has an entropy S bh which is some finite multiple η of its area A. He was not able to determine the exact value of η, but gave heuristic arguments for conjecturing that it was ln2 8π . However, the first law of black hole mechanics imply that the black hole would have a temperature T h which is proportional to the surface gravity κ of the black hole. Therefore from Bekenstein's argument and the first law of black hole mechanics one might say T h = ǫκ and S bh = ηA with 8πηǫ = 1. Bekenstein proposed that η is finite and it is equal to ln2 8π . Then one would get ǫ = 1 ln2 and so T h = κ ln2 . Later on Hawking realised that Bekenstein's idea was consistent. In fact, he found that the black hole temperature is T h = κ 2π , so that ǫ = 1 2π and hence η = All these calculations were based on the semiclassical concept and also on a commutative spacetime. The standard Bekenstein-Hawking area law is known to get corrections, either due to quantum geometry [7, 8, 9] or back reaction effects [10, 11] . We are interested in obtaining the modifications to the area law due to noncommutative spacetime. Noncommutativity is expected to be relevant at the Planck scale where it is known that usual semiclassical considerations break down. It is therefore reasonable to expect that noncommutativity would modify the standard area law in a nontrivial manner. We show that this is indeed true. Although there has been some analysis [12, 13] in this direction, these are mostly qualitative and incomplete.
In this paper we will consider the noncommutative Schwarzschild metric. This is obtained by a Gaussian smearing of the mass density by the noncommutative paramater θ [14, 15, 13, 16] . The first step in our method is to obtain the Hawking temperature. As shown in a paper involving two of us [13] , the connection of this temperature with the surface gravity (κ), even for the noncommutative case, has the same functional form T h = κ 2π as in the commutative picture. The Hawking temperature, in a closed form, follows from this relation. We find that the physically well defined region of the noncommutative black hole is defined by r h ≥ 3.0 √ θ, where r h is the horizon radius.
Next, using the second law of thermodynamics, the entropy is computed. We show analytically in the leading order in θ, in the regime r 2 h 4θ >> 1, that the area law is just a noncommutative deformation of the usual semiclassical area law. Since higher order analytical computations are technically very involved we take recourse to a graphical analysis. We plot
, where S bh is the Bekenstein-Hawking entropy, as a function of the horizon radius (r h ). This shows that when r h ≥ 4.8 √ θ the noncommutative version of area law holds good to all orders in θ. However when r h < 4.8 √ θ there is a deviation from this area law. We then find out the corrections so that the modified area law gives the nature of Bekenstein-Hawking entropy of the noncommutative Schwarzschild black hole in the physically defined region (r h ≥ 3.0 √ θ). We also observe that these corrections involve exponentials of the noncommutative horizon area as well as error functions.
The usual definition of mass density in terms of the Dirac delta function in commutative space does not hold good in noncommutative space because of the position-position uncertainty relation. In noncommutative space mass density is defined by replacing the Dirac delta function by a Gaussian distribution of minimal width √ θ in the following way [14] 
where the noncommutative parameter θ is a small (∼ Plank length 2 ) positive number. So the mass is no longer located at a point, instead it is smeared around a region √ θ. Using this expression one can write the mass of the black hole of radius r in the following way
where γ(3/2, r 2 /4θ) is the lower incomplete gamma function defined as
In the limit θ → 0 it becomes the usual gamma function (Γ total ). Therefore m θ (r) → M is the commutative limit of the noncommutative mass m θ (r). Substituting this in the mass term of the usual Schwarzschild space time,
we get the noncommutative Schwarzschild metric as,
The same line element is also obtained by solving Einstein's equation with (1) as matter source [14] . It is interesting to note that the noncommutative metric is still stationary, static and spherically symmetric as in the commutative case. One or more of these properties is usually violated for other approaches [17, 18, 19] of introducing noncommutativity, particularly those based on Seiberg-Witten maps that relate commutative spaces with noncommutative ones.
The event horizon of the black hole can be found by setting g tt (r h ) = 0 in (5), which yields,
Since this equation cannot be solved in a closed form we take the large radius regime (
4θ >> 1) where we can expand the incomplete gamma function to solve r h by iteration. Keeping upto the leading order
Now for a general stationary, static and spherically symmetric space time the Hawking temperature (T h ) is related to the surface gravity (κ) by the following relation [13] 
where the surface gravity of the black hole is given by
Therefore the Hawking temperature for the noncommutative Schwarzschild black hole is given by,
To write the Hawking temperature in the regime
4θ >> 1 as a function of M we will use (7). Keeping upto the leading order in θ we get
We will now use the second law of thermodynamics to calculate the Bekenstein-Hawking entropy. The second law of thermodynamics is given by
So the Bekenstein-Hawking entropy upto the leading order in θ is found to be,
The same expression of Bekenstein-Hawking entropy was found earlier in [13] by the tunneling method. In order to express the entropy in terms of the noncommutative horizon area (A) we use equation (7) to obtain,
Comparing equations (13) and (14) we find that at the leading order, the noncommutative black hole entropy satisfies the area law,
This is functionally identical to the Benkenstein-Hawking area law in the commutative space.
We have analytically seen above that in the limit r 2 h 4θ >> 1 the noncommutative version of the semiclassical Bekenstein-Hawking area law holds upto the leading order in θ. This motivates us to see whether this law holds for all orders in θ, irrespective of the limit we have mentioned. Since analytically it seems very difficult, this issue will be discussed by a graphical analysis. It will be always useful for us to write the right hand side of (12) 
Substituting this and (10) in (12), we get a closed form relation,
This will be compared graphically with the quantity
calculated from the semiclassical Bekenstein-Hawking area law (15) . This yields, using (14) and (15),
Now dS bh dr h is plotted as a function of r h (for both equations (17) and (18)) in figure (1). It is interesting to see that semiclassical area law still holds for r h 4.8 √ θ since the two curves exactly coincide. But in the region r h < 4.8 √ θ the two curves do not coincide. So there is a deviation from the usual area law. Also one can see from figure (1) that the curve for (17) (red curve) attains a minimum value at r h = 3.0 √ θ and then sharply diverges for r h < 3.0 √ θ which is physically unreasonable since the change of Bekenstein-Hawking entropy with the horizon is expected to be unidirectional. This point will be cleared in the following analysis.
In figure ( 2) we plot the black hole mass M as a function of r h (for equation (6)). It shows there is a minimum value (M 0 = 1.9 √ θ) of M at r h = 3.0 √ θ and noncommutativity introduces new behavior with respect to the standard Schwarzschild black hole [14, 15] : (i) Two distinct horizons occur for M > M 0 : one inner (Cauchy) horizon and one outer (event) horizon.
(ii) One degenerate horizon occurs at r h = 3.0
In the case of M >> M 0 , the inner horizon shrinks to zero while the outer horizon approaches the Schwarzschild radius 2M . These features were explained rigorously in [14, 15] . Now we plot T h as a function of r h in figure (3) (for equation (10)). It is observed that for r h < 3.0 √ θ there is no black hole because physically T h cannot be negative. This was explained earlier in [14, 15, 13] . Therefore the black hole only exists in the region r h ≥ 3.0 √ θ for which there is only one horizon. Now the minimum of dS bh dr h (see figure (1) ) occurs for r h = 3 √ θ which just saturates the limit of physical validity of the black hole. Thus the sharp increase of dS bh dr h for r h < 3 √ θ is in the unphysical domain and hence ignored.
So it is clear from figure (1) that the semiclassical area law is not satisfied in the region 3.0 √ θ ≤ r h < 4.8 √ θ while for r h 4.8 √ θ the Bekenstein-Hawking area law holds perfectly. Is it now possible to find the correction to this area law so that it will describe the entropy for the complete physical region? Motivated by the analysis [11] in the commutative spacetime with back reaction, the natural choice of the correction to the entropy is a logarithmic term. So as a first guess we take the entropy as
where C is some constant to be fixed later. We now plot (17), (18) and (19) in figure (4) . For C = 6, (19) shows a minima which is not at r h ≃ 3.0 √ θ. Also it asymptotically coincides with the linear behaviour very far from the expected r h ≃ 4.8 √ θ. Hence this does not fulfill our requirement. This implies that the logarithmic correction is not a suitable choice. Other choices for C are equally inadequate.
To find out the actual corrections to the semiclassical area law we proceed as follows. The first step is to expand (17) in powers of the upper incomplete gamma function Γ(
so that,
The first term corresponds to the usual area law. The other terms are therefore interpreted as corrections to the area law. To justify this we will take the help of graphical analysis. Taking only the first order correction,
The variation of dS bh dr h versus r h for equations (17), (18) and (22) is shown in figure (5) . It is observed that the blue curve (corresponding to (22)) has the correct linear behaviour for r h 4.8 √ θ. Below this it agrees with the red curve almost till the extremal (physical) limit r h = 3.0 √ θ, near which it shows a slight deviation. To improve this situation, the next order correction in (21) is included,
This is now plotted in figure (6) along with equations (17) and (18) . It shows that the blue curve coincides with the red curve for the entire physical domain r h ≥ 3.0 √ θ. Incidentally, if the third order correction had been included (see figure (7) ), the matching would extend below the extremal limit r h = 3.0 √ θ. In fact the curves begin to coincide from r h = 2.6 √ θ which actually lies in the unphysical domain. Therefore we conclude that it is both necessary and sufficient to take upto the second order correction in the variation of the Bekenstein-Hawking entropy with the horizon r h of the black hole and (23) should eventually lead to the required correction to the area law in the region of our interest. Now integrating over r h , (23) yields
Expressing the above equation in terms of the semiclassical noncommutative area (14) the cherished area law is obtained,
The first term yields the noncommutative version of the famous Bekenstein-Hawking semiclassical area law. The other terms are the corrections to the area law. These corrections involve exponentials of the noncommutative semiclassical area A as well as the error function. In the commutative limit θ → 0, all terms except the A 4 term separately vanish and the usual semiclassical Bekenstein-Hawking area law is reproduced.
To conclude, we have made a detailed investigation of the Hawking temperature, entropy and the area law for a Schwarzschild black hole whose metric is modified by effects of noncommutative spacetime. The noncommutative version of the semiclassical Bekenstein-Hawking area law holds in the region r h ≥ 4.8 √ θ. The linear relation between entropy and area is violated below this horizon radius till the extremal point r h = 3.0 √ θ. From a graphical analysis we find the correction terms to the area law to cover the complete physical domain (r h ≥ 3.0 √ θ) of the black hole. 
